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DISCRETE EQUIVALENCE OF NON-POSITIVE AT INFINITY
PLANE VALUATIONS
CARLOS GALINDO, FRANCISCO MONSERRAT,
AND CARLOS JESÚS MORENO-ÁVILA
Abstract. Non-positive at infinity valuations are a class of real plane valua-
tions which have a nice geometrical behavior. They are divided in three types.
We study the dual graphs of non-positive at infinity valuations and give an
algorithm for obtaining them. Moreover we compare these graphs attending
the type of their corresponding valuation.
1. Introduction
The concept of non-positive at infinity (NPI) valuation was introduced in [12]
(see also, [20]) and afterwards extended in [13]. Valuations of fraction fields of
local regular rings centered at them and their graded algebras are important tools
for studying local uniformization of singularities [26, 1, 27, 24, 25]. Some recent
advances in the topic are [17, 5, 21]. NPI valuations are only defined for the
bi-dimensional case and have the advantage that they provide not only local but
also global information about the surfaces where they are considered.
Valuations of fraction fields of bi-dimensional regular local rings R centered at
them are named, in this paper, plane valuations. They are in one-to-one cor-
respondence with the set of simple sequences of point blowing-ups starting at
SpecR. These valuations were classified in five types by Spivakosky [23] attend-
ing the dual graphs attached to the above mentioned sequences. Divisorial and
irrational valuations (in the terminology of [8]) are two of these types. They are
valuations whose semigroup of values is included in R.
NPI valuations ν are regarded over the field of rational functions of the pro-
jective plane S = P2 or of some Hirzebruch surface S = Fδ. They are centered at
some point p ∈ S and must satisfy that ν(f) ≤ 0 for all f ∈ OS(S \ T ), T being
a suitable fixed curve on S considered as at the infinity (see Definition 3.2). In
the projective case, NPI valuations are centered at infinity, a class of valuations
considered by several authors [2, 9, 10, 18, 20].
NPI valuations ν make possible to explicitly determine some global and local
objects of the geometry linked to ν for which there is no explicit description in the
general case. For instance, the Seshadri-related constants introduced in [4] (see [7]
for the plane case) can be explicitly described for NPI valuations [12, 14] and are
essential for providing some evidences to the valuative Nagata conjecture (which
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implies the Nagata classical conjecture) [15] (see also [7]). Newton-Okounkov bod-
ies [22, 19, 3] of flags determined by valuations of this type can also be explicitly
described [16, 14]. Finally, NPI divisorial valuations characterize those rational
surfaces Z (given by simple sequences of point blowing-ups) with polyhedral cone
of curves and minimum number of extremal rays. Even, in the projective case,
they allow us to decide when the Cox ring of Z is finitely generated [12, 13].
Although a valuation is an algebraic object, the concept of NPI valuation de-
pends on the (classical) minimal surface where it is considered giving rise to three
types of valuations. We consider projective and Hirzebruch (real plane) valua-
tions and divide the last ones in two sets, special and non-special valuations (see
Definition 3.1). The definition of NPI valuation varies slightly in the above three
cases according the corresponding curve T at infinity (see Definition 3.2).
We think it is interesting to compare these types of valuations for a better
knowledge of the surfaces that provide and, also, in the hope of finding a more
purely algebraic definition.
In this paper we focus on dual graphs of NPI valuations comparing those corre-
sponding to valuations of the above mentioned types. Our main result, Theorem
4.5, shows the inclusions among the sets of dual graphs admitting some valuation
of the above three types. We also prove that these inclusions are strict. For
simplicity of our exposition, dual graphs are represented by tuples of rational or
real numbers and valuations having the same tuple are called discretely equiv-
alent (see Definition 4.1). Within the sets of projective, special Hirzebruch and
non-special Hirzebruch valuations, the discrete classes corresponding to NPI val-
uations are simply determined by an inequality (see Theorem 4.4). This means
that a valuation whose discrete class does not satisfy one of the above mentioned
inequalities is not NPI of the corresponding type.
Geometrically speaking, what we prove is that the number of extremal rays of
the cone of curves of a rational surface (coming from a simple sequence π of point
blowing-ups) is not the minimum possible whenever the corresponding inequality
in Theorem 4.4 (whose data are only determined by the dual graph of π) does not
hold. Otherwise, to decide if the cone of curves has (or not) the simplest shape
we need to know the set of initial free points in π.
Generalities about plane valuations are given in Section 2 and NPI valuations
are introduced in Section 3 where we show some of their properties. The core
of the paper is Section 4, here we make a comparative study of the discrete
equivalence classes corresponding to NPI valuations. Finally, Section 5 provides
an algorithm which inductively determines dual graphs of NPI valuations. The
algorithm can potentially give all dual graphs corresponding to NPI valuations.
2. Plane valuations
2.1. Generalities. A valuation ν of a field K is an onto map
ν : K∗(= K \ {0})→ G,
G being a commutative group, which for a, b ∈ K∗ satisfies
ν(a+ b) ≥ min{ν(a), ν(b)} and ν(ab) = ν(a) + ν(b).
The valuation ring of ν, Rν := {f ∈ K
∗ | ν(f) ≥ 0} ∪ {0}, is a local ring whose
maximal ideal is mν = {f ∈ K
∗ | ν(f) > 0} ∪ {0}. We say that ν is plane
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whenever K is the fraction field of a bi-dimensional regular local ring (R,m) and
it is centered at R which means that R∩mν = m. We also assume that k := R/m
is algebraically closed. According [23], plane valuations correspond one-to-one to
simple sequences of point blowing-ups:
π : · · · → Zn
pin−→ Zn−1 → · · · → Z1
pi1−→ Z0 = SpecR, (2.1)
where π1 is the blowing-up of SpecR at the closed point p = p1 defined by m
and πi+1, i ≥ 1, the blowing-up of Zi at the unique point pi+1 in the exceptional
divisor Ei created by πi satisfying that ν is centered at the local ring OZi,pi+1.
The set of points Cν = {p = p1, p2, . . .} is the configuration of infinitely near
points of ν. We say that pi is proximate to pj , denoted by pi → pj , if i > j and
pi belongs to the strict transform of Ej on Zi−1. Strict transforms of divisors Ei
are also denoted by Ei. Points pi (and exceptional divisors Ei) such that pi is
proximate to other point pj such that j < i−1 are called satellite; otherwise they
are named free.
2.2. The dual graph. The dual graph Γν of a plane valuation is a (finite or
infinite) labelled tree whose vertices represent the exceptional divisors Ei (they are
labelled with the number i) and two vertices are joined by an edge whenever Ei∩
Ej 6= ∅. Spivakosky in [23] classified plane valuations in five types according the
structure of their dual graphs. In this paper we are interested in quasi-monomial
valuations in the terminology of [8], which correspond with those belonging to two
of the types in the Spivakovsky’ classification: divisorial and irrational valuations.
Divisorial valuations are those whose attached sequence (2.1) is finite while for
irrational valuations the sequence is infinite and there is an index n such that
every point pj ∈ Cν , j ≥ n, is satellite but there is no point in Cν admitting
infinitely many others proximate to it.
The dual graph Γν of a divisorial valuation has the shape in Figure 1, where g is
a nonnegative integer. When g > 0 we add labels stj, 0 < j ≤ g, (respectively, lj ,
0 ≤ j ≤ g+1), to the vertices with degree 3 (respectively, with degree 1). Notice
that we have set l0 = 1 and it could happen that stg = lg+1, being both with
degree two. When g = 0 we set l0 = 1 = st0 and l1 as above. The graph is divided
in subgraphs Γjν , 1 ≤ j ≤ g + 1, where Γ
1
ν contains the vertices (and attached
edges) with labels 1 ≤ i ≤ st1, Γ
j
ν , 2 ≤ j ≤ g, those with labels stj−1 ≤ i ≤ stj
and Γg+1ν (usually named the tail of Γν) the vertices labelled i, stg ≤ i ≤ lg+1.
Notice that when g = 0, st1 is not defined and Γν coincides with its tail.
. . .
...
Γ1ν
ℓ1
st11 . . .
...
Γjν
ℓj
stj
· · ·
. . .
...
Γgν
ℓg
stg
· · ·
. . .︸ ︷︷ ︸
Tail
ℓg+1
Figure 1. Dual graph of a divisorial valuation
4 C. GALINDO, F. MONSERRAT, AND C.J. MORENO-ÁVILA
The dual graph of an irrational valuation is like that of a divisorial valuation
with the exception of Γg+1ν . This subgraph is an infinite graph and their vertices
excluding stg and lg+1 have degree two.
2.3. Some invariants. There exist several invariants usually considered for study-
ing plane valuations. In this paper we will only consider the following two.
2.3.1. Puiseux exponents. Denote bymi the maximal ideal of the local ringOZi,pi+1,
i ≥ 0 and write ν(mi) := min{ν(x) | x ∈ mi \ {0}}. Following [23] (see also
[6]), the sequence of Puiseux exponents of a divisorial or irrational valuation
ν is an ordered set of real numbers {β ′j(ν)}
g+1
j=0 such that β
′
0(ν) = 1 and for
j ∈ {1, 2, . . . , g + 1}, β ′j(ν) is defined by the continued fraction
〈aj1; a
j
2, . . . , a
j
rj
〉,
where ajk, 1 ≤ k < rj + 1 successively counts the number of vertices in Γ
j
ν with
the same value ν(mi). Notice that when ν is divisorial β
′
j(ν) ∈ Q for all j > 0
and β ′g+1(ν) is a positive integer. In case ν is irrational, then β
′
j(ν) ∈ Q for all
0 < j < g + 1 but rg+1 =∞ and β
′
g+1(ν) ∈ R \Q.
2.3.2. Maximal contact values. Let ν be a divisorial or irrational valuation. For
0 ≤ j ≤ g, write β ′j(ν) = qj/pj such that gcd(qj , pj) = 1, define eg(ν) = 1 and
when g > 0, set ej(ν) =
∏g
k=j+1 pk. Following [23, Sections 6 and 8] and [6], the
sequence of maximal contact values {βj(ν)}
g+1
j=0 of ν is defined as follows. β0(ν)
:= e0(ν) and
βj+1(ν) = ej(ν)(β
′
j+1(ν)− 1) + nj(ν)βj(ν), for 0 ≤ j ≤ g, (2.2)
where n0(ν) = 1 and, for j > 0, nj(ν) = ej−1(ν)/ej(ν). Notice that
ej(ν) = gcd(β0(ν), . . . , βj(ν)).
In addition it holds that the maximal contact values satisfy the following equali-
ties:
β0(ν) = ν(m) and βj(ν) = ν(ϕlj ), 0 ≤ j ≤ g + 1 (with l0 := 1), (2.3)
where ϕlj is an analytically irreducible element of R whose strict transform on
Zlj is non-singular and transversal to the exceptional divisor Elj . Moreover the
set {βj}
g+1
j=0 generates the semigroup of values of ν, ν(R \ {0}) ∪ {0}.
Given a divisorial valuation ν, we denote by νN its normalization, that is
the equivalent valuation (in the Zariski-Samuel’s sense [27, page 32])) such that
νN(m) = 1. In this paper irrational valuations will ever be considered normalized.
Then, if ν is an irrational valuation and νNi the normalized divisorial valuation
defined by the divisor Ei in the sequence (2.1) associated to ν, by [11, Theorem
6.1], it holds that
ν(f) = lim
i→∞
νNi (f), for all f ∈ K
∗.
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3. NPI valuations
In this section we introduce some families of plane valuations which provide
interesting geometrical information.
From now on we consider sequences of point blowing-ups as in (2.1) but our
starting set Z0 will be either the projective plane P
2
k := P
2 or the δth Hirzebruch
surface Fδ := P
(
OP1
k
⊕OP1
k
(−δ)
)
, k being an algebraically closed field. The
corresponding valuations will be named valuations of Z0 since they are valuations
of the field of rational functions of Z0, K(Z0), centered at OZ0,p, p being a closed
point in Z0.
Recall that Fδ is a projective ruled surface over k equipped with a projective
morphism pr : Fδ → P
1
k. Denote by F a fiber of pr and by M0 a section of pr
with self-intersection −δ; when δ > 0, M0 is unique and it is called the special
section. Set M any linearly equivalent to δF +M0 section of pr. By convention,
those points in Fδ, δ > 0, that belong to M0 are called special points. Otherwise
we name them general points.
Definition 3.1. Let p be a point in Fδ and ν a divisorial valuation of Fδ. The
valuation ν is said to be special (with respect to Fδ and p) if one of the following
condition is satisfied:
(1) δ = 0.
(2) δ > 0 and p is a special point.
(3) δ > 0, p is a general point and there is no integral curve in the complete
linear system |M |, given by the section M , whose strict transform on the
surface defined by ν has negative self-intersection.
If ν does not satisfy any of the above conditions, it will be called non-special.
An irrational valuation of Fδ is called to be special (respectively, non-special)
whenever ν(f), f ∈ K(Fδ) can be computed as a limit of normalized special
(respectively, non-special) divisorial valuations νNi (f).
Next we are going to introduce the concept of non-positive at infinity valuation
of Z0. If Z0 = P
2, denote by L a projective line (the line at infinity) containing
p. When Z0 = Fδ, stand F1 for the fiber of pr going through p and, if ν is non-
special, set M1 the section of pr whose strict transform on the surface defined by
ν (if ν is divisorial) or by νNi , i≫ 0 (otherwise) has negative self-intersection.
Definition 3.2. Let ν be a divisorial, or irrational, valuation of Z0.
When Z0 = P
2, we say that ν is non-positive at infinity (NPI) if ν(f) ≤ 0 for
all f ∈ OP2(P
2 \ L).
In case Z0 = Fδ, a special (respectively, non-special) valuation ν is called non-
positive at infinity (NPI) if ν(f) ≤ 0 for all f ∈ OFδ(Fδ \ (F1∪M0)) (respectively,
for all f ∈ OFδ(Fδ \ (F1 ∪M1))).
NPI divisorial valuations enjoy nice geometrical properties. Next we briefly
describe some of them.
Let νn be a divisorial valuation of Z0 whose sequence (2.1) ends at the surface
Zn = Z. Denote Pic(Z) the Picard group of the surface Z and set NE(Z) the cone
of curves of that surface regarded as the convex cone of PicQ(Z) = Pic(Z) ⊗ Q
generated by the classes of effective divisors on Z.
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Denote by ϕC the germ at p of a curve C on Z0. Moreover set ϕi, 1 ≤ i ≤ n,
an analytically irreducible germ of curve at p whose strict transform on Zi is
transversal to Ei at a non-singular point of the exceptional locus. We will also
stand (φ, ϕ)p for the intersection multiplicity at p of two germs of curve at p, φ
and ϕ, on Z0.
The following theorem states the above mentioned geometrical properties. Proofs
can be found in [12, 13].
Theorem 3.3. Let νn be a divisorial plane valuation of Z0. Set Z the surface
defined by νn. Then
(a) If Z0 = P
2, then the following conditions are equivalent:
(a.1) The valuation νn is non-positive at infinity.
(a.2) The divisor (ϕL, ϕn)pE
∗
0 +
∑n
i=1 ν(mi)E
∗
i is nef.
(a.3) The cone of curves NE(Z) is generated by the classes in PicQ(Z) of
the divisors L˜, E1, E2, . . . , En.
(b) If Z0 = Fδ, δ ≥ 0 and νn is special, the following statements are equivalent:
(b.1) The valuation νn is non-positive at infinity.
(b.2) The divisor (ϕM0, ϕn)pF
∗ + (ϕF1, ϕn)pM
∗ +
∑n
i=1 ν(mi)E
∗
i is nef.
(b.3) The cone of curves NE(Z) is generated by the classes in PicQ(Z) of
the divisors F˜1, M˜0, E1, E2, . . . , En.
(c) If Z0 = Fδ, δ ≥ 1, and νn is non-special, the following conditions are
equivalent:
(c.1) The valuation νn is non-positive at infinity.
(c.2) The divisor (ϕM1, ϕn)pF
∗ + (ϕF1, ϕn)pM
∗ +
∑n
i=1 ν(mi)E
∗
i is nef.
(c.3) The cone of curves NE(Z) is generated by the classes in PicQ(Z) of
the divisors F˜1, M˜0, M˜1, E1, E2, . . . , En.
4. Discrete equivalence of NPI valuations
Dual graphs of plane valuations are key objects for classifying them. NPI
valuations are a subclass of plane valuations encoding interesting global geometric
information. We think it is interesting to decide which are the dual graphs of
plane valuations admitting NPI valuations. Being more explicit, given a dual
graph Γ corresponding to a divisorial or irrational valuation, we desire to know
if there is some NPI valuation (and which is its type) whose dual graph is Γ.
From our description in Subsection 2.3.1, it is clear that the sequence of Puiseux
exponents of a valuation is an equivalent datum to its dual graph which is simpler
to manipulate. This gives a meaning to the following definition.
Definition 4.1. Let ν be a divisorial or irrational valuation and {β ′j(ν)}
g+1
j=0 its
sequence of Puiseux exponents. The discrete class of ν is the tuple
tν = (g, β
′
0(ν), β
′
1(ν), . . . , β
′
g+1(ν)).
Two valuations as above having the same discrete class are called discretely
equivalent.
The following result is immediate.
DISCRETE EQUIVALENCE OF NON-POSITIVE AT INFINITY PLANE VALUATIONS 7
Proposition 4.2. Let ν and ν ′ be two divisorial or irrational valuations. Then
the dual graphs of ν and ν ′ coincide if and only if ν and ν ′ have the same discrete
class.
Now we give a lemma we will use for characterizing the discrete classes of NPI
valuations.
Lemma 4.3. Keep the notation as in Section 3. Let ν be a divisorial or irrational
valuation of Z0 and tν = (g, β
′
0(ν), β
′
1(ν), . . . , β
′
g+1(ν)) its discrete class. Then
the last maximal contact value of ν satisfies
βg+1(ν) =
g∑
j=1
ej(ν)
2(β ′j+1(ν)− 1) + β0(ν)β1(ν),
where, by convention,
∑g
j=1 ej(ν)
2(β ′j+1(ν)− 1) = 0 when g = 0.
Proof. The case g = 0 is obvious. Assume g > 0, by Equality (2.2) and since
eg(ν) = gcd(β0(ν), β1(ν), . . . , βg(ν)) = 1, it holds that
βg+1(ν) = eg(ν)
2(β ′g+1(ν)− 1) + eg−1(ν)βg(ν).
Now, again by (2.2), we obtain that
ej(ν)βj+1(ν) = ej(ν)
2(β ′j+1(ν)− 1) + ej−1(ν)βj(ν),
for 1 ≤ j ≤ g−1. This concludes the proof after noticing that e0(ν) = β0(ν). 
The discrete classes of divisorial valuations are tuples t = (g, β ′0, β
′
1, . . . , β
′
g+1),
where g is a nonnegative integer, β ′g+1 a positive integer, β
′
0 = 1 and (when g 6= 0)
β ′j ∈ Q>0 \ Z, 1 ≤ j ≤ g, Q>0 being the positive rational numbers, which, for
simplicity, we write as β ′j = qj/pj where gcd(pj , qj) = 1. Furthermore for each t,
we set eg = 1 and in case g 6= 0, ej =
∏g
k=j+1 pk, 0 ≤ j ≤ g − 1, and wj = ej/e0,
for 0 ≤ j ≤ g. When ν is an irrational valuation, its discrete class is defined
analogously but β ′g+1 is an irrational number.
The set of tuples t as above is denoted by T. Our next result uses the sum∑g
j=1w
2
j (β
′
j+1 − 1) which, by convention, is defined to be zero whenever g = 0.
Theorem 4.4. Fix a class t ∈ T. Then
(a) The tuple t is the discrete class of some NPI divisorial or irrational val-
uation of P2 if, and only if, the following equality holds:
β ′1(β
′
1 − 1) ≥
g∑
j=1
w2j (β
′
j+1 − 1).
(b) The tuple t is the discrete class of some NPI special divisorial or irrational
valuation of Fδ if, and only if, δ is a non-negative integer and
β ′1(δβ
′
1 + 1) ≥
g∑
j=1
w2j (β
′
j+1 − 1).
(c) The tuple t is the discrete class of some NPI non-special divisorial or
irrational valuation of Fδ if, and only if, δ is a positive integer and
β ′1 − δ ≥
g∑
j=1
w2j (β
′
j+1 − 1).
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Proof. It suffices to prove the result for the set of discrete classes of divisorial
valuations. The result for irrational valuations follows from [11, Theorem 6.1].
We assume that g 6= 0 because the case g = 0 can be deduced reasoning
analogously. Set t = (g, β ′0, β
′
1, . . . , β
′
g+1) a discrete class where β
′
g+1 is an inte-
ger number. Let β0, β1, βg+1 be the values computed from the components of t
following the the formulas given in Equality (2.2) and Lemma 4.3.
We are going to prove that there exists an NPI divisorial valuation of P2 whose
discrete class is t if and only if β
2
1 ≥ βg+1. This will prove Statement (a) because
there is an equivalence between the above inequality and that of Statement (a),
which follows from the equality β ′1 = β1/β0 and Lemma 4.3.
Assume first that ν is an NPI divisorial valuation of P2 whose discrete class is
t. With the notation used before Theorem 3.3, by [12, Theorem 1], it holds that
(ϕL, ϕn)
2
p ≥ βg+1.
Now (ϕL, ϕn)p = β1 holds when the strict transform of L goes through all initial
free points in Cν . Otherwise, (ϕL, ϕn)p = sLβ0, where 1 ≤ sL ≤ ⌊β1/β0⌋. As
a consequence one obtains that β
2
1 ≥ βg+1 and this implication is proved. Con-
versely, if we take a discrete class t ∈ T (where β ′g+1 is a positive integer number)
such that β
2
1 ≥ βg+1 it is sufficient to consider any divisorial valuation of P
2 whose
discrete class is t and whose first free points in Cν are on the projective line L
and its strict transforms. Therefore the equality (ϕL, ϕn)p = β1 is satisfied and
the proof is concluded by [12, Theorem 1].
As in the proof of Item (a), for proving the equivalence stated in Item (b) it
suffices to replace the inequality given there with
2β1β0 + δβ
2
1 ≥ βg+1.
Now assume that t is the discrete class of a special divisorial valuation of Fδ.
With notation as in Theorem 3.3, by [13, Theorem 3.6], the inequality
2(ϕF1, ϕn)p(ϕM0, ϕn)p + δ(ϕF1, ϕn)
2
p ≥ βg+1 (4.1)
holds. Now (ϕF1, ϕn)p equals either β1 if the strict transform of F1 goes through
all initial free points in Cν or sF1β0, where 1 ≤ sF1 ≤ ⌊β1/β0⌋, otherwise. The
sectionM0 has a similar behaviour and then (ϕM0 , ϕn)p equals either β1 or sM0β0,
where 0 ≤ sM0 ≤ ⌊β1/β0⌋. This proves that 2β1β0 + δβ
2
1 ≥ βg+1 because F1 and
M0 go both through p but at most one of their strict transforms passes through p2.
Conversely, let t ∈ T be (β ′g+1 ∈ Z>0) such that the inequality 2β1β0+δβ
2
1 ≥ βg+1
is satisfied, then considering the special divisorial valuation ν of Fδ with discrete
class t whose first free points in Cν coincide with those through which F1 goes, by
[13, Theorem 3.6] one gets an NPI special divisorial valuation on Fδ with discrete
class t.
Finally reasoning as above one can give a proof of Statement (c) which is
supported in the following two facts. First, by [13, Theorem 4.8] the inequality
in the statement is equivalent to the following one
2(ϕF1, ϕn)p(ϕM1, ϕn)p − δ(ϕF1, ϕn)
2
p ≥ βg+1.
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Second, the fiber F1 and the sectionM1 satisfy that (ϕF1 , ϕn)p = β0 and (ϕM1, ϕn)p
is equal either to β1 or to sM1β0, where δ + 1 ≤ sM1 ≤ ⌊β1/β0⌋. This concludes
the proof.

Plane valuations are algebraic objects which are not linked to specific surfaces.
Our next result explains the relation among the dual graphs of the different types
of NPI valuations. Denote by CP2 (respectively, C
1
Fδ
, C2Fδ) the set of discrete classes
in T admitting some NPI (respectively, NPI special, NPI non-special) divisorial
or irrational valuation of P2 (respectively, Fδ).
Theorem 4.5. The following inclusions among the above introduced sets of dis-
crete classes hold.
(a) CP2 ⊆ C
1
Fδ
for all δ > 0.
(b) Let C≤2
P2
(respectively, C≥2
P2
) be the set of discrete classes in CP2 whose
coordinate β ′1 satisfies β
′
1 ≤ 2 (respectively, β
′
1 ≥ 2). Define analogously
C
1,≤2
F0
and C1,≥2F0 . Then
C
≤2
P2
⊆ C1,≤2F0 and C
1,≥2
F0
⊆ C≥2
P2
.
(c) C2Fδ ⊆ CP2 for all δ ≥ 0.
Proof. By the proof of Theorem 4.4, for any δ > 0 it holds that t ∈ CP2 (respec-
tively, t ∈ C1Fδ) if and only if β
′2
1 ≥ βg+1/β
2
0 (respectively, 2β
′
1 + δβ
′2
1 ≥ βg+1/β
2
0).
The fact that assuming β ′21 ≥ βg+1/β
2
0, the inequality 2β
′
1 + δβ
′2
1 ≥ β
′2
1 is true if δ
is a positive integer and also when δ = 0 and β ′1(ν) ≤ 2 proves (a) and the first
inclusion in (b).
The second inclusion in (b) follows from an analogous argument which leads
to the opposite inequality.
To conclude, again by Theorem 4.4, t belongs to C2Fδ , δ > 0, if and only if
2β ′1 − δ ≥ βg+1/β
2
0. Then, the fact that β
′2
1 ≥ 2β
′
1 − δ completes the proof. 
Remark 4.6. The inclusions proved in the above theorem are strict. The fol-
lowing examples show it.
(a) Consider the discrete class t = (2, 1, 4/3, 17/3, 1). Then e0 = 9, e1 = 3 and
e2 = 1. In addition,
β ′1(β
′
1 − 1) =
12
27
and
g∑
i=1
w2i (β
′
i+1(ν)− 1) =
14
27
,
which proves that t 6∈ CP2. Now,
β ′1(δβ
′
1 + 1) =
48δ + 36
27
,
shows that t ∈ C1Fδ for all non-negative integer δ. Therefore the inclusion in
Theorem 4.5 (a) is strict.
(b) Assume δ = 0 and set t = (3, 1, 7/3, 43/2, 14/3, 1). Then e0 = 18, e1 =
6, e2 = 3 and e3 = 1 and one has
β ′1 =
252
108
,
g∑
j=1
w2j (β
′
j+1 − 1) =
257
108
and β ′1(β
′
1 − 1) =
336
108
,
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which proves that t ∈ C≥2
P2
but t 6∈ C1,≥2F0 .
(c) Finally let t = (2, 1, 5/2, 57/5,Φ), where Φ denotes the golden ratio. One
has e0 = 10, e1 = 5 and e2 = 1. Then
β ′1 − δ =
5
2
− δ and
g∑
j=1
w2j (β
′
j+1 − 1) =
52
20
+
1
100
(Φ− 1).
This proves that t 6∈ C2Fδ for any positive integer δ. However t ∈ CP2 because
β ′1(β
′
1 − 1) = 75/20.
5. Generating dual graphs of NPI valuations
The purpose of this section is to give an algorithmic procedure to provide
the discrete classes (i.e., dual graphs) which admit NPI divisorial or irrational
valuations. We assume that g > 0 since any discrete class (0, 1, β ′1) admits an NPI
(respectively, NPI special) valuation of P2 (respectively, Fδ) and by Theorem 4.4
the discrete classes (0, 1, β ′1 ≥ δ) are those that admit NPI non-special valuations
of Fδ.
The input of our algorithm is a discrete class
t(νI) := (g, β
′
0(νI), β
′
1(νI), . . . , β
′
g+1(νI) = 1) (5.1)
belonging to one of the following sets: CP2, C
1
Fδ
or C2Fδ generically denoted by C.
It will give two outputs:
Output 1, which is a new discrete class in the same set C of the input with the
shape:
t(νO1) :=
(
g + 1, β ′0(νO1) = β
′
0(νI), β
′
1(νO1) = β
′
1(νI),
. . . , β ′g(νO1) = β
′
g(νI), β
′
g+1(νO1), β
′
g+2(νO1) = 1
)
. (5.2)
Output 2. It is in fact a double output. On the one hand a new discrete class
t(νO1
2
) in the same set C of the input with the shape:
t(νO1
2
) :=
(
g, β ′0(νO12) = β
′
0(νO1), β
′
1(νO12) = β
′
1(νO1),
. . . , β ′g(νO12) = β
′
g(νO1), β
′
g+1(νO12)
)
, (5.3)
where β ′g+1(νO12) ∈ R>0 \Q>0.
And, on the other hand, a new discrete class t(νO2
2
) in the same set C of the
input with the shape:
t(νO2
2
) :=
(
g + 1, β ′0(νO22) = β
′
0(νO1)β
′
1(νO22) = β
′
1(νO1),
. . . , β ′g+1(νO22) = β
′
g+1(νO1), β
′
g+2(νO21)
)
, (5.4)
where β ′g+2(νO21) is a positive integer different from 1.
The outputs are not unique but we can get infinitely many tuples as Output 1
and also in the first Output 2.
It is clear that the algorithm we are going to describe starts with a tuple
corresponding to an NPI divisorial valuation defined by a satellite divisor whose
dual graph Γ has g subgraphs Γj. It provides dual graphs corresponding to
the same type of NPI valuations which keep the subgraphs and add either a new
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subgraph Γg+1 corresponding to a divisorial valuation defined by a satellite divisor
or an irrational valuation. Even more, it also gives dual graphs corresponding to
NPI divisorial valuations defined by free divisors keeping the g subgraphs Γj and
adding two new subgraphs Γg+1 and (a tail) Γg+2.
Notice that, starting with suitable tuples (1, β ′0 = 1, β
′
1, 1), we are able to
provide the dual graph of any NPI valuation of any desired type with g as large
as we want.
Let us show the simple steps of our algorithm. With the the above notation,
define
q(t(ν)) :=


β ′1(ν)(β
′
1(ν)− 1), if Z0 = P
2,
β ′1(ν)(δβ
′
1(ν) + 1), if Z0 = Fδ and ν is special,
β ′1(ν)− δ, if Z0 = Fδ and ν is non-special,
where β ′1(ν) denotes the third coordinate of t(ν). Our algorithm will have the
following
Input: A discrete class as in (5.1) which satisfies the inequality
q (t(νI)) >
g−1∑
j=1
ej (νI)
2
(
β ′j+1(νI)− 1
)
, (5.5)
condition we have to impose because we start with an NPI divisorial valuation
and we need the strict inequality to have some degree of freedom to add Puiseux
exponents.
Output 1: It will be a tuple as in (5.2) obtained as follows. Let β ′g+1(νO1) =
qg+1/pg+1, where pg+1 and qg+1 are positive integers such that qg+1 > pg+1 and
gcd(qg+1, pg+1) = 1. Then our output must satisfy
β ′j(νO1) = β
′
j(νI) and ej(ν
N
O1
) = ej(ν
N
I ), for 0 ≤ j ≤ g,
β0(νO1) = pg+1β0(νI) and then one obtains that
eg+1(ν
N
O1
) =
1
β0(νO1)
=
1
pg+1β0(νI)
=
eg(ν
N
I )
pg+1
.
Since we require that t(νO1) corresponds to an NPI valuation, for obtaing our
Output 1 it suffices to consider any pair pg+1 and qg+1 defining β
′
g+1(νO1) which
satisfies the following inequality:
q(t(νI))−
∑g−1
j=1 ej(ν
N
I )
2(β ′j+1(νI)− 1)
eg(ν
N
I )
2
+ 1 ≥ β ′g+1(νO1) =
qg+1
pg+1
> 1. (5.6)
Notice that the algorithm has to make a choice because one has infinitely many
options.
Output 2: For obtaining t(νO1
2
) as described in (5.3), we only need to look for
an irrational number β ′g+1(νO12) that satisfies Inequality (5.6) when it reemplaces
the rational number β ′g+1(νO1). Notice that, again, we have to make a choice.
Finally to get an output t(νO2
2
) as described in (5.4), it suffices to look for
positive integer β ′g+2(νO22) > 1 such that
q(t(νO2
2
))−
∑g
j=1 ej(ν
N
O1
)2(β ′j+1(νO1)− 1)
eg+1(νNO1)
2
≥ β ′g+2(νO22)− 1. (5.7)
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The maximum number of free points in the tail of the dual graph of νO2
2
would
be the biggest non-negative integer β ′g+2 − 1 which satisfies the last inequality.
We conclude this paper with two examples that show how our algorithm works.
Example 5.1. Assume that Z0 = P
2 and that our input is t(νI) = (2, 1, 5/2, 7/5, 1).
Then {ei(νI)}
2
i=0 = {10, 5, 1}. Our input is correct because
15
4
=
5
2
(
5
2
− 1
)
>
(
1
2
)2(
7
5
− 1
)
=
1
10
and Inequality (5.5) is satisfied.
Now taking into account Inequality (5.6), suitable values β ′3(νO1) for our pur-
poses are those satisfying
366 =
β ′1(νI)(β
′
1(νI)− 1)− e1(ν
N
I )
2(β ′2(νI)− 1)
e2(νNI )
2
+ 1 ≥ β ′3(νO1) > 1.
If, for instance, we choose t(νO1) = (3, 1, 5/2, 7/5, 8/3, 1) we obtain a valid
Output 1. We can continue our algorithm for finding values β ′4(νO22) whose ac-
cording (5.7) must satisfy 3270 ≥ β ′4(νO22)− 1 ≥ 0. So a possible Output 2 would
be t(νO2
2
) = (3, 1, 5/2, 7/5, 8/3, 3200).
Example 5.2. Suppose now that Z0 = F2 and t(νI) = (3, 1, 5/3, 12/5, 5/2, 1).
This is a suitable input since {ei(νI)}
2
i=0 = {30, 10, 2, 1},
65
9
=
5
3
(
2
5
3
+ 1
)
>
(
1
3
)2(
12
5
− 1
)
+
(
1
15
)2(
5
2
− 1
)
=
73
450
and, then, Inequality (5.5) holds. Thus, if we desire an output t(νO1
2
), we need to
look for irrational numbers such that they satisfy Inequality (5.6). That is values
β ′4(νO12) such that 6355 ≥ β
′
4(νO12) > 0. Then, t(νO12) = (3, 1, 5/3, 12/5, 5/2, π) is
a valid output.
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